The representations of the algebra of coordinates and momenta of noncommutative phase space are given. We study, as an example, the harmonic oscillator in noncommutative space of any dimension. Finally the map of Schödinger equation from noncommutative space to commutative space is obtained.
Recently, there has been much interest in the study of physics in noncommutative space (NCS) [1] [2] [3] [4] [5] [6] [7] , not only because the NCS is necessary when one studies the low energy effective theory of D-brane with B field background, but also because in the very tiny string scale or at very high energy situation, the effects of non commutativity of space may appear. In literature the noncommutative quantum mechanics and noncommutative quantum field theory have been studied extensively, and the main approach is based on the Weyl-Moyal correspondence which amounts to replacing the usual product by a star product in non-commutative space.
In this paper, rather than studying the star product, we analyze the noncommutative effects in the usual quantum mechanics phase space. The usual method to do this is to use the Seiberg-Witten (SW) type map [1] , that is to map the Gauge field or energy momentum tensor to their counter-part in commutative space. This method has been developed a lot in the past few years [8] . Our aim in this paper is to give a convenient method, albeit equivalent to the SW map, to study the noncommutative effects using commutative space coordinates. First we will give a representation of the noncommutative coordinates and noncommutative momenta in terms of the commutative coordinates and momenta of usual quantum mechanics. Then, as an example, we study the noncommutative harmonic oscillator in any dimension. At last, we give the representation of the Hamiltonian operator of noncommutative space and, as a consequence, the Schödinger equation containing the noncommutative effects is obtained.
In the usual commutative space (say n dimensional space), the coordinates and momenta in quantum mechanics have the following commutation relations:
At very tiny scales, say string scale, the space may not commute anymore. Let us denote the operators of coordinates and momenta in noncommutative space asx andp respectively, then thex i andp i will have the following algebra relations, if both space-space and momentum-momentum non-commutativities are considered.
where {Θ ij } and {Θ ij } are totally antisymmetric matrices with very small elements representing the noncommutative property of the space and momentum in noncommutative phase space. Using the equation (1) and (2), we can study the representations of the noncommutativex andp in term of x and p. Once these representations are obtained, then the noncommutative problems can be changed into problems in the usual commutative space which we are familiar with. In order to do so, let us give an ansatz as follows (the summation between repeated indices is implied in this paper ).
In matrix form, we have
where A = {a ij }, B = {b ij }, C = {c ij } and D = {d ij } are n × n matrices. Now let us calculate the exact form of the representation matrices. For this, we insert equation (3) into equation (2), and using equation (1) we obtain
where 1 is the identity matrix and the upper index T of a matrix means its transpose. In the above relations, the matrices A and D could be chosen as proportional to identity (scaling factors), so we denote them by α and β respectively 2 . Then the relations above
From first two equations of 6, we can see that if B and C are antisymmetric, then they will have explicit solutions, in fact if we assume B and C T are commuting, then the third equation of the (6) is satisfied when B and C are either symmetric or antisymmetric. The case of B and C being both symmetric leads to the Θ =Θ = 0 which means our space is commutative. Thus, we choose B and C as antisymmetric matrices. Then we obtain
2 Symmetry considerations tell us that these two constant matrices should be same. This will be shown to be the case in our generic discussion of noncommutative harmonic oscillator in n-dimensions in the later part of this paper
Here the scaling constants α and β should not be equal to zero. The last equation of (6) gives the relationship betweenΘ and Θ ΘΘ = 4αβ(αβ − 1) · 1.
One can then put the general representation matrix of (x,p) in the commutative space as:
And equations (3) become,
When α = β = 1, it will correspond toΘ = 0 ( refer to the next part of this paper), which is the case that is extensively studied in the literature where the space coordinates are non-commuting while momentum space is commuting. The angular momentum of noncommutative space is given by,
By using the representation equations (10), theL in usual commutative space can be written as,L
Or we can write it in vector form ,
And the commutation relations betweenL andx,p have the forms as follows,
[
Up to now, we have given the representation of coordinates and momenta of noncommutative space in terms of the coordinates and momenta in the usual quantum mechanics commutative space. Using these representations we can study the effects of non-commutativity in the usual space we are familiar with. As an illustrative example, let us study in detail the harmonic oscillator in noncommutative space with arbitrary dimensions n. In n dimensional noncommutative space, the Hamiltonian of the harmonic oscillator has the form as,Ĥ
where the µ and ω represent the mass and angular frequency of the oscillator. Using the representation equations in (10), we obtain the expression of theĤ in the commutative space as,Ĥ = β 2 2µ
Again we can see that when α = β = 1, corresponding toΘ ij = 0, then the above Hamiltonian corresponds to the case where the space is non-commutative while the momenta are commuting. If we set further more Θ ij = 0 then the result corresponds to the usual n dimension harmonic oscillator in commutative space.
For convenience, the annihilation operators a and creation a † operators are introduced when one studies harmonic oscillator problem. Similarly, we would like to introduce their counterpartsâ andâ † in noncommutative space and the relationship between them. The deformed annihilation-creation operators in n-dimensional noncommutative space are defined byâ
It is easy to check that,
In order to keep Bose-Einstein statistics in noncommutative case we needâ † i andâ † j to be commuting, whence the consistency condition:
Under this condition, the above commutators become
which are just the same as the ones in commutative space. But there is also an extra commutator
We point out here that this abnormal extra commutator is the reason of the existence of fractionally angular momentum [9] , and it is consistent with all principles and Bose-Einstein statistics. Replacing (20) in (10) we have
As we know in the commutative space, the annihilation and creation operators can be expressed as
So from a straight calculation we get the relation betweenâ i ,â † i and a i , a † i ,
Causality considerations tell us that if a particle is annihilated in noncommutative space, and in order to view this phenomenon in commutative space, then it should correspond to some sort of annihilation in the latter space. That is to sayâ i should only be some combination of a i 's. For the same reason,â † i should also be some combination of a † i 's. So this forces us to set,
And then the equations in (25) becomê
(27) Now we can discuss the Hamiltonian and angular momentum in term of annihilation and creation operators. It is easy to check that the Hamiltonian of harmonic oscillator in equation (16) has the form
We can see that the vacuum energy (the last term) exists also in the noncommutative case, while the non-commutative effects appear in the second and third terms related to the Θ. The angular momentum can be written aŝ
The first term is identical in form to the commutative case. However, it includes noncommutative effects in the expressions ofâ k andâ † j :
The more important thing is the last term in equation (29). This is a new effect proper to noncommutative space. It tells us that in noncommutative space, the angular momentum has a non-zero "zero-point" angular momentum. For a given noncommutative space (Θ fixed), this "zero-point" angular momentum depends on the mass and angular frequency, so it can have a fractional value. In fact, we should point out that the noncommutative effects always depend on the coordinates commutator matrix Θ ,and the matrix elements depend on the scaling constant α. From (8), (20) and (26) we have
where
and α should be less or equal to 1. When n = 2, we obtain,
Our results here for 2 dimensional space coincide with the results in reference [9] , if we make the following correspondence,
and
Where Λ N C is the noncommutative energy scale. These solutions tell us that in our case the noncommutative 3 dimensional space for harmonic oscillators is reducible and, in fact, it is a direct sum of a 1-dimensional space and a 2-dimensional noncommutative space where the two subspaces are commutating. When n = 4, the equation (30) has eight solutions which can be classified into three classes. The first class includes four solutions which have no free parameters. The four solutions for matrix Θ are give by
(36) These solutions correspond to a reducible space which is the direct sum of two 2-dimensional independent noncommutative spaces. The second class has two solutions which contain one free parameter and have the form
with θ 1 and θ 1 satisfy θ
The solutions of third class have two free parameters
with
The noncommutative spaces for these two class solutions are irreducible (at least they are non completely reducible for generic values of the free parameters).
In the last part of this paper, we would like to use the representation (10) to find a possible Schödinger equation in commutative space which is equivalent to the the Schödinger equation in noncommutative space. To begin with, let us discuss the Hamiltonian in noncommutative space which should have the following form
Up to the first order in Θ andΘ, we can write the noncommutative hamiltonian in terms of commutative variables as,
In three dimensional space, the Hamiltonian [40] gives the Schödinger equation as,
wherex i =Θ ij x j∇ = Θ ij ∂ j . When α = 1, which meansΘ = 0, then the transformation relations from noncommutative space to commutative space become,
Thus, our result reduces to the situation discussed in many papers [10] [11] [12] [13] , where the Schöinger equation reads,
withp i = Θ ij p j . In summary, we have achieved the following results in this paper. First, we got a general representation of any dimensional noncommutative phase space in term of the usual phase space in quantum mechanics. Then, as a special case, the noncommutative harmonic oscillator in any dimensions is studied in details, and we got an constraint for the matrix Θ related to the non-commutativity of the space. The results of a few low dimensional cases are given. At last, we discussed the form of Schödinger equation which contains the noncommutative effects of the phase space. It should be pointed out that most of our results are not Lorentz invariant, because the time and the noncommutative spacial coordinates are assumed to commute in this paper. Nonetheless, the general relation, say equations (10) in the first part of this paper, can be used in the case of noncommutative space-time, where we can setx 1 = ict.
